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A relation between two invariants attached to a family of hypersurface isolated singular-
ities, called Rei®en's singularity, is considered. For the simplest case of Rei®en's singularity,
the relation is determined in an explicit manner.
Introduction
The author has studied isolated singularities from the viewpoint of D-modules
([1], [2], [5], [6]). In these studies, we introduce an invariant ¹(k)f (k = 0; 1; 2; : : : ) of the
singularity de¯ned as the dimension of the solution space of a holonomic system attached
to the dual space of the Milnor algebra. To be more precise, let X be a neighborhood
of the origin O of Cn and f a holomorphic function de¯ning an isolated singularity
at O. Let Wf be the dual vector space of the Milnor algebra of the singularity via
the Grothendieck local duality. We take an algebraic local cohomology class !f which
generatesWf over the stalk OX;O at the origin of the sheaf OX of holomorphic functions.
Let Ann(k)DX;O (!f ) be the ideal in the stalk DX;O at O of the sheaf DX of linear partial
di®erential operators generated by annihilating di®erential operators of !f with order
smaller than or equal to k. Since the D-module structure of the holonomic system
DX;O=Ann(k)DX;O (!f ) does not depend on the choice of the generator !f of Wf , the
dimension of the algebraic local cohomology solution space of the holonomic system can
be said to be an invariant of the singularity. So, we denote it by ¹(k)f . When k = 1,
this invariant ¹(1)f is directly connected with the theory of the vector ¯eld attached to
the function f . In addition, ¹(1)f = 1 is a necessary and su±cient condition for the
function f to be quasihomogeneous ([4]). In [5], we studied Rei®en's singularity, which
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was provided in [3] as an example of a hypersurface isolated singularity on which the
holomorphic de Rham complex is not exact. We gave ¹(1)f of Rei®en's singularity f
in an explicit manner by using classical invariants the Milnor number and the Tjurina
number of f at the origin.
The algebraic local cohomology vector space Wf is also utilized for a computation
of b-function. In [7], T.Yano gave an overview of the general theory of b-function. He
also computed a vast number of examples of b-function. He de¯ned an invariant L(f)
for the function f as the total order of an annihilator P (s) of fs and illustrated the
method for computing b-function for the case where L(f) = 2 and 3. However, it seems
that there were no investigations into an invariant L(f) in [7].
In this paper, we give a relation between two invariants ¹(1)f and L(f) of Rei®en's
singularity. In Section 1, we give the de¯nition of the invariant ¹(1)f . We give results on
¹
(1)
f for Rei®en's singularity. In Section 2, we introduce the de¯nition of L(f), the total
order of annihilators of fs. As an example, we give an explicit form of annihilators P (s)
of fs when q = 4 in Section 3.
x 1. Rei®en's Singularity
Let X be a small neighborhood of the origin O of C2. Let f be a holomorphic
function de¯ning an isolated singularity at the origin O of C2 and J the Jacobi ideal
in OX;O, where OX;O is the stalk of the sheaf of holomorphic functions on X. Let Wf
denote the set in H2[O](­2X) of algebraic local cohomology classes annihilated by any
germ of functions in J , where ­2X is the sheaf of holomorphic 2-forms on X of the
origin O,
Wf = f´ 2 H2[O](­2X) j g´ = 0; g 2 J g:
By Grothendieck local duality, Wf can be regarded as the dual vector space of OX;O=J .
Wf is generated as an OX;O-module by one algebraic local cohomology class. Let !f
denote a generator over OX;O of Wf ,
Wf = OX;O!f :
Let L(1)DX;O (!f ) be the set of linear partial di®erential operators with order at most
one that annihilate the cohomology class !f , where DX;O is the stalk at the origin of the
sheaf DX of the rings of partial di®erential operators. Let Ann(1)DX;O (!f ) denote the right
ideal in the ring DX;O generated by L(1)DX;O (!f ), Ann
(1)
DX;O
(!f ) = L(1)DX;O (!f )DX;O. In
[4], we proved that if the singularity in question is not quasihomogeneous, Ann(1)DX;O (!f )
is a proper subset of the annihilating ideal AnnDX;O (!f ) in DX;O of the generator !f .









2 = 0 in C2 de¯nes a semi-quasihomogeneous singularity of weight (p; q)
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with the Milnor number (p¡ 1)(q ¡ 1) and the Tjurina number (p¡ 1)(q ¡ 1)¡ q + 3.
This hypersurface is examined in [3] by H.-J. Rei®en as a singularity on which the
holomorphic de Rham complex is not exact.
In [5], we study Rei®en's singularity from the viewpoint of D-modules and give the
following theorem.




2 with q ¸ 4 and p ¸ q + 1.































over OX;O where dz = dz1 ^ dz2.
















; s = 0; 1; : : : ; q ¡ 4:





does not depend on the choice of the generator !f . Let ¹
(1)
f denote the dimension of
the solution space for Ann(1)DX;O (!f ),
¹
(1)




The result (2) in the theorem above implies that ¹(1)f = q ¡ 2. In other words, we have
the following result.




2 with q ¸ 4 and p ¸ q + 1. Then
¹
(1)
f = ¹¡ ¿ + 1;
where ¹ = dimOX;O=J is the Milnor number and ¿ = dimOX;O=(f;J ) is the Tjurina
number.
For a method to compute cohomology classes and annihilators in the case of general
isolated hypersurface singularities, we refer to [2] and [6].
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x 2. Yano's Invariant L(f)
A b-function associated with a function f is de¯ned as polynomials b 2 C[s] in s
satisfying
(2.1) Pfs+1 = bfs
for some linear partial di®erential operator P (s) =
P
sjPj(z; @) 2 DX;O[s]. For a given
operator P (s) =
P
sjPj(z; @) 2 DX;O[s], max
j
(j + ordPj(z; @)) is called the total order
of P (s) and denoted by ordT P (s). Set
J (s) = fP (s) 2 DX [s] j P (s)fs = 0g:
There exists an operator of the form




in J (s) such that ordT P = ` and P0(z; @) = 1. We denote by L(f) the minimum
of ordT P (s) for P (s) 2 J (s) of the form speci¯ed as (2.1) and (2.2), which measures
non-quasihomogeneity of f . Especially, L(f) = 1 is a necessary and su±cient condition
for the function to be quasihomogeneous. In [7], T.Yano developed a general theory
of b-function and gave various examples of b-function. He introduced the number L(f)
and investigated a method to determine b-functions for f being isolated singularities
with L(f) = 2 and L(f) = 3.
For Rei®en's singularity, we investigate the number L(f) as follows.




2 with p 2 N and p ¸ 5. Then
L(f) = 2:
Proof. In the next section, we give annihilators J (s) of fs for f = z41+zp2+z1zp¡12
in an explicit manner. One ¯nds P (s) 2 J (s) with L(f) = 2.
For general cases of Rei®en's singularity, we ¯nd the following:




2 with p, q 2 N, q ¸ 4 and p ¸ q + 1,
L(f) = ¹(1)f
holds.
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x 3. Annihilators of fs for f = z41 + zp2 + z1zp¡12




2 with p ¸ 5. A basis








with 1 · `1 · 3



























































































































2 + (p ¡ 1)z1zp¡22




































































J (s) is generated by the following four operators.
((p¡ 1)z1zp¡22 + pzp¡12 )
@
@z1








+ (¡4(p¡ 1)(p¡ 4)z21 + 4p(p¡ 4)z1z2 + 3(p¡ 1)2zp¡22 ¡ 42p2z22)
@
@z2
¡ 4(p¡ 1)3zp¡32 s+ 42p3z2s;
((p¡ 1)z21 + pz1z2)
@
@z1





¡ 4(p¡ 1)z1s¡ 4pz2s;²






























4(p¡ 1) z1z2 +












zp¡32 + (p+ 4)pz2)z1

























³¡¡ (p¡ 1)2(8p¡ 17)
16
zp¡42 +






















The total order of the last one is q ¡ 2 = 2.
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